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Optimal Order Scheduling for Deterministic Liquidity Patterns*

Peter Bank! and Antje Fruthf

Abstract. We consider a broker who has to place a large order which consumes a sizable part of average daily
trading volume. The broker’s aim is thus to minimize execution costs he incurs from the adverse
impact of his trades on market prices. In contrast to the previous literature (see, e.g., Obizhaeva
and Wang [A. Obizhaeva and J. Wang, J. Financial Markets, 16 (2013), pp. 1-32] and Predoiu,
Shaikhet, and Shreve [SIAM J. Financial Math., 2 (2011), pp. 183-212]), we allow the liquidity
parameters of market depth and resilience to vary deterministically over the course of the trading
period. The resulting singular optimal control problem is shown to be tractable by methods from
convex analysis, and, under minimal assumptions, we construct an explicit solution to the scheduling
problem in terms of some concave envelope of the resilience-adjusted market depth.
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1. Introduction. It is well known that market liquidity exhibits deterministic intraday
patterns; see, e.g., Chordia, Roll, and Subrahmanyam [3] or Kempf and Mayston [6] for
some empirical investigations. The academic literature on optimal order scheduling, however,
mostly considers time-invariant specifications of market depth and resilience; cf. Obizhaeva
and Wang [7], Alfonsi, Fruth, and Schied [2], and Predoiu, Shaikhet, and Shreve [8]. How
to account for time-varying specifications of these liquidity parameters when minimizing the
execution costs of a trading schedule thus becomes an issue.

Using dynamic programming techniques and calculus of variations, this problem was ad-
dressed by Fruth, Schoneborn, and Urusov [5]. These authors show that under certain ad-
ditional assumptions on these patterns there is a time-dependent level for the ratio of the
number of orders still to be scheduled and the current market impact which signals when ad-
ditional orders should be placed. Explicit solutions are provided for some special cases where
the broker is continually issuing orders. The thesis [4] discusses conditions under which the
order signal structure persists in case of stochastically varying liquidity parameters. Acevedo
and Alfonsi [1] use backward induction arguments in discrete time and then pass to contin-
uous time to compute optimal policies for nonlinear specifications of market impacts which
are scaled by a time-dependent factor satisfying some strong regularity conditions. In their
approach order schedules are allowed in principle to sell and buy along the way, regardless
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of the sign of the desired terminal position, and they proceed to identify conditions (deemed
to ensure absence of market manipulation strategies) under which optimal schedules will not
do so. Optimal schedules are then obtained only under a strong assumption linking resilience
and market depth to each other along with their time derivatives.

In contrast to these approaches, we focus from the outset on pure buying or selling sched-
ules and show how to reduce our optimization problem to a convex one. Hence, we do not
have to impose conditions ensuring that orders are scheduled in certain ways at certain times.
Instead, optimal order sizes and times are derived endogenously from the structure of market
depth and resilience alone. This is made possible by the use of convex analytic first-order
characterizations of optimality which we show are intimately related to the construction of
generalized concave envelopes of a resilience-adjusted form of market depth. Under minimal
assumptions, this allows us to characterize when optimal schedules exist and, if so, to con-
struct them explicitly in terms of these envelopes. We illustrate our findings by recovering the
analytic solution of Obizhaeva and Wang [7], and we show how optimal schedules depend on
fluctuations in market depth and the level of resilience. It turns out that with time-varying
market depth optimal order schedules do not have to consist of big initial and terminal trades
with infinitesimal ones in between as typically found in the previous literature. We also find
that lower resilience will let optimal schedules focus more on (local) maxima of market depth
to the extent that with no resilience optimal schedules trade only when market depth is at its
global maximum.

2. Set-up. We consider a broker who has to place an order of a total number of x > 0
shares of some stock. The broker knows that, due to limited liquidity of the stock, these orders
will be executed at a mark-up over some reference stock price. This mark-up will depend on
the broker’s past and present trades. For our specification of the mark-up we adopt the model
proposed by Obizhaeva and Wang [7]; see also Alfonsi, Fruth, and Schied [2] and Predoiu,
Shaikhet, and Shreve [8] for further motivation of this approach. In contrast to these papers,
but in line with Fruth, Schéneborn, and Urusov [5] and Acevedo and Alfonsi [1], we will allow
for the market’s liquidity characteristics of depth and resilience to be changing over time
according to a deterministic pattern.

Specifically, given the broker’s cumulative purchases X = (X;)¢>0, a right-continuous
increasing process with Xo_ £ 0, the resulting mark-up evolves according to the dynamics
(2.1) - En >0, dpf = % —ren dt,

t
where §; describes the market’s depth at time ¢t > 0 and where r; measures its current resilience.
Thus, in our model market impact is taken to be a linear function of order size, the slope at
any one time being determined by the market depth. Moreover, market impact decays over
time at the rate specified by the market’s resilience.

Clearly, (2.1) has the right-continuous solution

t
(2.2) Ny & <770 —1—/ %dXs) /,ot with p; £ exp </ Ts d8> , t>0,
[0,¢] 9s 0

under the following assumption.
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Assumption 2.1. The resilience pattern is given by a strictly positive and locally Lebesgue-
integrable function r : [0,00) — (0, 00).

In what follows we shall furthermore require the following assumption.

Assumption 2.2. The pattern of market depth § : [0,00) — [0,00) is nonnegative, not
identically zero, bounded, and upper-semicontinuous with lim sup., 0¢/pr = 0.

The broker’s aim is to minimize the cumulative mark-up costs:

(2.3) Minimize C'(X) £ / <77t)£ + A23X> dX; subject to X € 2,
[0,00) t

where Ay X £ X;, — X;_ and
Z & {(Xt)i>0 right-continuous, increasing : Xo_ =0, Xo, = 2,C(X) < 00}

with the notation X, = limypoe X

Remark 2.3. (i) Note that the AQ%‘;{ -term in (2.3) accounts for the costs a noninfinitesimal
order will incur due to its own mark-up effect; cf., e.g., Alfonsi, Fruth, and Schied [2] or
Predoiu, Shaikhet, and Shreve [8], who in addition show how costs functionals as in (2.3)
emerge with stochastic reference prices evolving as martingales when the broker is risk-neutral.
Note also that, since we let Xg_ £ 0, a value of Xy > 0 corresponds to an initial jump of size
AoX = Xj in the order schedule.

(ii) To impose liquidation over a finite time horizon 7' > 0, one merely has to let the
market depth 6; = 0 for ¢ > T. Indeed, following the convention that 1/0 = oo in the
integration (2.2), n”¥ and thus the costs C'(X) will then be infinite for any order schedule X
which increases after T

(iii) Strict positivity of r comes without loss of generality since if resilience r = 0 vanishes
almost everywhere on an interval [tg,?1], there is no need to trade it off against market depth
there, and it is optimal to trade whatever amount is to be traded at the moment(s) when
market depth § attains its maximum over this period; cf. Proposition 4.1. Hence, § could be
assumed to take this maximum value at tg, and the interval (¢g, 1] could then be removed
from consideration.

(iv) The assumption of upper-semicontinuous market depth ¢ is necessary to rule out obvi-
ous counterexamples for existence of optimal schedules. For unbounded upper-semicontinuous
d one can easily show that inf - C' = z1y/pso, and so there is no optimal schedule. The lim sup
condition is needed to rule out the optimality of deferring part of the order indefinitely.

(v) Including a discount factor with locally Lebesgue-lntegrable discount rate 7= () >0
in our mark-up costs is equivalent to considering 5t = 4 exp fo 7sds) and 7y = Lo+ 7, >0,
instead of § and r above.

3. Main result and sketch of its proof. The main result of this paper is the solution to
problem (2.3). It describes up to what mark-up level our broker should be willing to place
orders at any point in time in order to minimize mark-up costs.
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Theorem 3.1. Suppose Assumptions 2.1 and 2.2 hold, let \; = d¢/pr and Xt = SUPy >t Au;
and define

(3.1) L} :inf%, t>0,
u>t )\u/pu - )\t//)t

where we follow the convention that 0/0 = 0.
Then the optimal order schedule strategy is to place orders at any time t > 0 if and while
the resulting mark-up is no larger than y*L}/py, i.e.,

(32) X =Nl Ly =)+ [ Ad swp {GPL) V). ez 0

(0,¢] 0<v<s
provided the constant y* > 0 in (3.2) can be chosen such that X', = x. This is the case if and
only if the right side of (3.2) with y* = 1 remains bounded as t 1 co. If this is not the case,
we have inf xc 9 C(X) =0, and the problem does not have a solution.

The following results outline the proof of this theorem and may be of independent in-
terest. Our first auxiliary result provides a mathematically more convenient formulation of
problem (2.3).

Proposition 3.2. Suppose Assumptions 2.1 and 2.2 hold, let X\ 2 §/p and k = \/p = §/p?,
and define, for increasing and right-continuous Y = (Yi)i>0,

1
K2 [ wmaed).
[0,00)
Then
dXs A 2
(3.3) Y, =mno+ —, Yo =19, and X; = AsdYy, Xo- =0, t>0,
0.4 As 0.4

define mappings from 2 to

= {(Y})t>0 right-continuous, increasing : Yp— =S 770,/

MdYy =z, K(Y) < oo}
[0,00)

and vice versa such that
C(X)=K().

As a result, with these choices of x and A, optimization problem (2.3) is equivalent to the
following problem:

1
(3.4) Minimize K (Y) £ 5/ wt d(Y,?) subject to Y € #.
[0,00)

Neither (2.3) nor (3.4) is convex in general.

Proposition 3.3. For upper-semicontinuous k, the functional K = K(Y') of (3.4) is (strictly)
convez for right-continuous increasing Y with Yo— = ng if and only if k is (strictly) positive
and (strictly) decreasing.

Convexity can always be arranged for, though, in the following sense.
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Theorem 3.4. Let A\, k be as in Proposition 3.2. Then optimization problem (3.4) has the
same value as the convex optimization problem

. 1 - .
(3.5) Minimize K(Y) £ 5/ Ry d(Y?) subject toY € ¥,
[0,00)
where Ky £ Xt/,ot, Xt =S SUp, >t Au, t >0, and

L {(f/t)tzo right-continuous, increasing : Yo 2 770,/
0

[0,00)

Xtdﬁzﬂj‘,k(?) <OO}.

Moreover, any solution Y* to (3.5) with {dY* > 0} € {\ = A} will also be a solution to (3.4).

Remark 3.1. For an increasing process Y = (Y;);>0 we say that ¢ is a point of increase
toward the right and write dY; > 0 if Y;_ < Y, for any w > ¢. A similar convention applies to
decreasing processes and points of decrease toward the right.

The next proposition describes the (necessary and sufficient) first-order conditions for
optimality in problem (3.5). As one would expect, the broker has to strike a balance between
the impact of current orders on future mark-up costs (as represented by the left side of (3.6)
below) and the current prospect on future market conditions (as represented by the decreasing
envelope A of market depth over resilience on the right side of that equation).

Proposition 3.5. For &, >0 as in Theorem 3.4, Y* €U solves (3.5) if and only if there
is a constant y > 0 such that

(3.6) - Y diy >yl fort >0 with “=” whenever dY;* > 0.
[t,00)

Constructing right-continuous increasing Y* >0 satisfying the first-order conditions
of (3.6) can be done by using a time-change and concave envelopes; see also Figure 3 below.

Theorem 3.6. Under Assumptions 2.1 and 2.2, consider the level passage times 1, =
inf {t >0 : % <k}, and let Ay 2 kpr, . k € (0,Ko], and Ao £ 0.

Then A is a continuous increasing map on [O,Eol. Its concave envelope A is absolutely
continuous with a left-continuous decreasing density ON = (OAy)o<k<w, => 0. Moreover, letting
Ny 2 8K0+, we have that for anyy > 0 and ng > 0, 1~/t* = (yal/{gt) Vo, t >0, with 170*_ 2 o,
yields a right-continuous increasing process satisfying (3.6).

Combining the previous results, we obtain the following solution to our original prob-
lem (2.3) which also provides a characterization different from that outlined in Theorem 3.1;
see also Figure 2 below.

Corollary 3.7. Under the assumptions of Theorem 3.6 and using its notation, we have the
following dichotomy.

In case |OA|p2 2 ( 50 (0Ax)? dk‘)% < 00 we can choose y* > 0 uniquely such that

(3.7) X7 2 No(y 0hz, —mo)t + / Na{@ohz) v}, t=0,
(0,4]
increases from Xg_ 20 to X}, = x; this X* € X is an optimal order schedule for prob-

lem (2.3). In the special case where ny = 0, we have y* = $/|8K|i2, and the minimal costs
are given by C(X*) = 2?/(2|0A[3.).
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If, by contrast, |OA|12 = oo, then we have infxcg C(X) =0, and problem (2.3) does not
have a solution.

4. lllustrations. Corollary 3.7 reduces the construction of optimal order schedules to the
computation of a concave envelope. This can often be done in closed form; see, e.g., our
treatment in section 4.1 of the constant parameter case from Obizhaeva and Wang [7]. Alter-
natively, one can resort to highly efficient numerical methods from discrete geometry to come
up with solutions to essentially arbitrary liquidity patterns, as we illustrate in section 4.2.

4.1. Constant market depth and resilience. Let us first show how to recover the solution
of Obizhaeva and Wang [7], who consider a time horizon 7' > 0, constant market depth
oy = 501[0,T] (t), and constant market resilience r, = rg > 0, ¢t > 0. In this case we have

)\t = Xt = (506_T0t1[07T} (t) and Rt = %t = (506_27“0151[07'11} (t) .
Hence,

Pry = \/(50/(k V HT) and /~\k =k A (\/50//£Tk), 0 <k <.

Thus, A is its own concave envelope, i.e., A= IAX, and its left-continuous density is

8Kk: %\/50//?, k> kr,
\/(50//€T = eroT, k < RT.

Obviously OA is square integrable (and hence the problem is well-posed) if and only if T < oc.
In that case, we compute

% do/kKt = %e”’t, t<T,
\/50//£T26T0T, tET,

and for any y > 0 the order schedule from (3.7),

}Aftéaﬁgt:{

1 o 1
X! =6 <§y - 770) +5¥doro (EAT —79)" + §5Oy1[T,oo](t)v t>0,

with

70 Y
y _ _
=17, noe 0T <y < 2nge"oT,
—roT
)

+
(i log 2&) AT, y > 2nge "7,

00, Yy <mnoe
is optimal for the total volume it trades. In particular, if ny = 0, we find that

0
XV = % (1470t AT) + ag(t)), ¢ >0.
So choosing y* £ x/(0o(1 + 79T/2)) yields X* = X¥ with X’ = z. We therefore recover
the result of Obizhaeva and Wang [7]: If ng = 0, i.e., if there have been no previous orders, it
is optimal to place orders of size y*dy/2 at both ¢ = 0 and ¢ = T and to place orders at the
constant rate y*dpro/2 in between; cf. Figure 1.



OPTIMAL ORDER SCHEDULING 143

® o—>
0 T

Figure 1. Optimal order schedule X* (black) for constant market depth & (blue), its resilience adjustment
A=A\ (red), k =K (green) over a finite horizon T

Figure 2. A specification of market depth § (blue) with finite horizon T, its resilience adjustment X (purple),
the corresponding decreasing envelopes A (red) and K (green), along with an optimal order schedule X* (black).

4.2. Time-varying market depth. We next illustrate that the above order placement
strategy of [7] is indeed strongly dependent on constant market depth and resilience. Figure 2
exhibits how a fluctuating market depth affects the timing of the optimal order placement as
provided by Corollary 3.7. Note that we include a shut-down period for the market over the
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Figure 3. The decreasing envelope of resilience adjusted market depth A (red), its concave envelope A
(orange), and the density O\ (black).

time period (g, t1) when market depth vanishes. The corresponding concepts introduced by
Theorem 3.6 are illustrated in Figure 3.

If we decrease the resilience parameter to rg = 0, i.e., we assume permament price impact of
the broker’s orders, the focus on peaks of market depth sharpens to the extent that eventually
only one huge order is placed when market depth reaches its global maximum; see Figure 4.

Proposition 4.1. If r = 0 and § satisfies Assumption 2.2, the solutions to optimization
problem (2.3) are precisely those order schedules X* € 2~ with {dX* > 0} C arg max?.

Proof. When r =0, p=1, and so X =g + f[O,t] d(;—)? >y + =t ¢ > 0. Thus,

maxd’
ZL‘2
2maxd’

with equality for all X* € 2" with {dX* > 0} C arg max?. [ ]

Conversely, with high resilience, orders tend to be spread out more around local maxima of
market depth, as illustrated by Figure 5. Figures 2 and 5 also show that the precise moments
when it is optimal to issue orders would be hard to guess in advance. Hence, an approach via
classical calculus of variations as in Fruth, Schéneborn, and Urusov [5] or via the methods of
Acevedo and Alfonsi [1] seems infeasible in these general cases.

C(X) > nox +

XeZ,

5. Proofs. We first prove that the original problem (2.3) can indeed be reformulated
as (3.4) by giving the following proof.

Proof of Proposition 3.2. We first observe that for X € 2" the mapping in (3.3) defines an
increasing right-continuous Y with Y = pnX. Because C(X) < oo, n* is dX-integrable and
thus finite on {X < x}. Hence, Y is finite on this set as well, and we conclude dX = AdY. It
follows by elementary calculus that K(Y) = C(X) and, thus, Y € %, as desired.
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o0=A

X*

L 4 ® ® ®
0 tO ll T

Figure 4. Optimal order schedule X™* (black) without market resilience and time-varying market depth §
(blue).

A

X*

® o—>
0 tO tl T

Figure 5. Optimal order schedule X™* (black) with strong market resilience for time-varying market depth
0 (blue).

Conversely, for Y € %, k = \/p is d(Y?)-integrable. Since p > 0 is continuous this implies
that X is locally dY-integrable, and so X given by (3.3) is right-continuous and increasing
with dX = AdY. By the same reasoning as above this implies C(X) = K(Y') as well as
XeX. [ |
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We next characterize when problem (3.4) is convex.
Proof of Proposition 3.3. If k is upper-semicontinuous and decreasing, it is also left-
continuous, and we can use Fubini’s theorem to write

K(Y) =3 <nm<Y§, i)~ |

(Y72 —ng) dﬁt)
[0,00)

for any right-continuous increasing Y with Yy = 7. Hence, K = K(Y) is obviously convex
in such Y with strict convexity holding true on its domain for strictly decreasing k.
Conversely, consider for 0 < s < t < oo the function Y = g + alfs o) + 0l o). Then

K(Y) = (ks((a+n0)® —n3) + s ((a+b+m0)? = (a+m3)))

N — DN

1
ksa® + Kpab + §/~£tb2 + no(aks + bry)

is convex in a, b > 0 if and only if ks > k; > 0, with strict inequalities corresponding to strict
convexity. |

In order to prepare the proof of Theorem 3.4 let us recall that for any increasing Z :
[0,00) — R we let

{dZ >0} & {t>0: Z;_ < Z, foral wu>t}

denote the collection of all points of increase toward the right. For a decreasing Z we let
{dZ < 0} £ {d(—Z) > 0}. In either case we let suppdZ denote the support of the measure
dZ, i.e., the smallest closed set whose complement has vanishing dZ-measure.

Lemma 5.1. For upper-semicontinuous bounded X : [0,00) — R, we have that Xt =
SUp,>; Au 18 left-continuous and decreasing with

(5.1) {dX <0} c {A=A}.
Moreover, we have the partition

(5.2) R={d\<0}U [ llnrn)U | (n,n),

neNy neN2

where (ly,rn), n € N, are the disjoint open intervals forming R\ supp d\ and where Ny =
{neN : 1, >0,A,A=0} and Ny = N\Ny. N

Proof. Left-continuity of A and relation (5.1) are immediate. Note next that {d\ < 0} C
supp dA and therefore R\{dA < 0} D {U,cn(ln, ). Hence, to deduce partition (5.2) it suffices
to observe that for n € Ny we have [, & {dx < 0} and that for ¢t > 0 such that Xt = Xu for
some u > t we have (t,u) C (ln,rn) for some n € N, and thus ¢t € (I,,,7,) or t = I, with
A A=0. |

The main tool in the proof of Theorem 3.4 is the following lemma.

Lemma 5.2. Under the conditions of Theorem 3.4, we can find for any increasing right-
continuous Y > ng an increasing right-continuous Y > ng such that Y <Y and
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(1) f[O,oo) AedYy = f[O,oo) At dY;;
(i) {dY >0} C {d\ <0}, and
(iii) K(Y)>K(Y)=K(Y).

Proof. We let I,,, n € N, denote the disjoint intervals of Lemma 5.1 forming the com-
plement of {d\ < 0}, and we use l,,, 7, to denote their respective boundaries. For the one
interval I,, whose left bound is l,, = —oo we now redefine, for simplicity of notation, I,, = 0
provided that r,, > 0; if, by contrast, this I,, is just the negative half line we can and shall
remove it from consideration in what follows. Similarly, if r, = oo for some n € N, it follows
from Assumption 2.2 that é; = A; = k¢ = 0 on [, which thus can be disregarded as well.

Observe then that

(5.3) sup A = A,
In

by upper-semicontinuity of A and our choice of when and when not to include I,, in I,,.
Let, for t > 0,

N N )\s
th =To + /[(),t] 1{d)\<0} (S) dY; + Z /I )\rn dY:s

nEN,T’n St

We first note that ¥ < Y. Indeed,

Y — }72 = /[0 . 1R\{dX<O}(S) (dYS - inS)

A
- dYs—lrnoot/ > dY,
Z </Inﬁ[0,t] ra.00) (1) Iy Arn )

neN,l,<t

is nonnegative because of (5.3).

Assertion (i) is readily checked using the partition given by (5.2). For assertion (ii) it
suffices to observe that all r,, n € N, are contained in {d\ < 0}.

In order to prove assertion (iii), we first note that K(Y) = K(Y) is an immediate conse-
quence of (i) and (5.1). To establish K(Y) — K(Y) > 0 we decompose this difference into
its contributions from the different parts in the partition given by (5.2), each of which will be
shown to be nonnegative.

From {d\ < O}\ {r, : n € N} we collect

1

5] e [d(v2) — (V)]
[0,00)N({dA<O}\ {rn : nENY)

1 S T
- / . ot KYt_ + —AtY> dY; — <Yt_ + —AtY> dYt} ,
[0,00)N({dA<O}\ {rn : nEN}) 2 2
which is nonnegative because Y > Y and because dY; = dY; for ¢ € {dA < O}\ {r, : n € N}
by construction.
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From I, U{r,}, n € N, we get the contribution

2
1 ~ s ~
s / ke d(Y2) — by, | | Y + / As dvs | —=Y2_| 3,
2 Jr.upry InU{rn} Arn

for which we note that its [...]-part can be written as
1 VA
|t [ mav) -7
2 ITLU{T‘n} )\Tn
As ? A
/ dy, | +Y,.,_ / 254y,
IU{rn} Ary LU{rn} Ary

1
2
As At 1 <)\t )2 )
= dYs,dY; + = AY
/ U{rn}/ U{rn ) [lnst) A Arn ' Z Ary (AdY)

n AtY#OJfEInU{T‘n}

_ A

+Y..- / — dYs.
LnU{rn} Arn

Hence, using (5.3) again, we obtain with y,, = Y;, _ if I,, € I,, and y,, £ Y}, otherwise that

)\t )\t

1
L . - T DI 0
2 L,U{rn} )‘7“ 2 ALY rn
tY#0,te L, U{rn}
+Y,.- / A gy,
InU{rn} Arn
)\t )‘t 2
< (Y- —yn)5—d¥i+ 5 > (ArY)
InU{rn} Tn AY A0, 4L, U{rn}
As
+ yn/ dYs
InU{Tn} A7‘n
1 / )\t 2
= ayy),
2 J1,0{rn} Ara )
where the second estimate holds since IN/M_ = l~fln < yp, because of (ii). Since p = A/k is

increasing by assumption, we have

A Kt _ K
t:ﬁt<t

)\7"71 prn K’Tn o K’Tn

and thus
1

—Kpp ] < = ke d(Y,"),
5hral - ] <5 i (Y

as remained to be shown. [ |
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With the preceding policy improvement lemma it is now easy to give the following proof.
_Proof of Theorem 3.4. By Lemma 5.2 and using its notation, we can find for any Y € &
aY € # N such that

K(Y)>KY)>KY)=K(Y).
As a result, infy K = inf K. Moreover, if Y* € & attains the latter infimum, we can

apply Lemma 5.2 to X and K instead of A and K to obtain another optimal Y** € & which
satisfies in addition {dY** > 0} C {d\ < 0}. By Lemma 5.1, the latter set is contained
in {A\ = \} = {k = &}, and thus this Y** is also contained in % and optimal for (3.4)
as well. |

Let us next derive the first-order conditions of the convexified problem (3.5) in the following
proof.

Proof of Proposition 3.5. Recalling that Ko, = 0, we obtain by Fubini’s theorem

. 1

(5.4) R(v)=—3 /[0 0 )

For necessity, we observe that for any Y € Y and 0 < & < 1 we have
0< K(Y + (1 —e)Y*) — K(Y™*)

2
—e [ mevwedR- S [ e vRdR,
[0,00) 2 Jio,00)
which, upon division by € > 0 and letting € | 0, yields that Y* also solves the linear problem
(5.5) Minimize — / Y'Y, di; subject to Y € 7%
[0,00)
Equivalently, due to Fubini’s theorem, Y* is a solution to the problem
(5.6) Minimize / (— Y, d%u> dY, subject to Y € %
[0,00) [t,00)

As a consequence, Y* can solve (5.5) only if dY;* > 0 exclusively at those times ¢ > 0

when — f[t’oo) Y.S dk, /M attains its infimum over {A > 0}. Hence, this infimum is actually a

minimum and is thus strictly positive. Denoting it by y > 0 shows the necessity of (3.6).
For sufficiency we use (5.4) again to deduce that for Y € @J,

K(Y)-K(Y*) = —% /[O )<<Yt>2 — (V)% dFy > — /[0 )Yt*m —Y/") .

The last term is nonnegative if Y* solves (5.5), which due to the equivalence of (5.5) and (5.6)
amounts to our first-order condition (3.6). [ ]

The construction of solutions to the first-order conditions given in Theorem 3.6 can now
be established.
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Proof of Theorem 3.6. A is continuous on [0, Ko| since k +— 7 is continuous because of the
strict monotonicity of p and, thus, of kK on {k > 0}. A is increasing because, along with &,
also th = Kypy = N is decreasing in t > 0. Absolute continuity of the concave envelope A
follows from the continuity of A.

The monotonicity of Y* is obvious from the monotonicity of k and OA. For its right-
continuity note that limy, fft* = (y(‘)jA\gtO L) Vo by left-continuity of OA and its definition
at 0. Hence, our assertion amounts to 8/A\k0 = &/AX;CI, where kg £ Kto+ and Ky = Rty > ko. If
ko = ki, there is nothing to show. In case ko < ki, 7, = 13, for k € [ko, k1), and, thus, Ais
linear with slope Pry, O this interval. As a consequence, A is linear there as well, and, thus,

OK/ﬁ = 6KAko+ by left-continuity of OA. Hence, it suffices to show that there is no downward
jump in OA at ko. If there were such a jump, then, by the properties of concave envelopes,
necessarily Ay, = Ay, and OAg,+ > Priy - Hence, for k& < kg we would have

kpry, < Ak < Mg < Ay + 00y (k — ko) < kpsr, .

where the first estimate is due to the monotonicity of p, the second is the envelope property
of A, the third follows from its concavity, and the last is a consequence of the just derived
properties of A and OA at kg. We would thus have equality everywhere in the above estimates
and in particular OKkO = Pryy < 8Kk0+. This is a contradiction to the presumed downward
jump of OA at ko.

To verify that Y* satisfies the first-order condition (3.6), let us first argue that

~ - Rt N
— Y, dRy > —y/ 0Nz, dky, = y/ 0Ny dk = yAz,
[t,o0) [t,00) 0

> yAz, = yRipr = Y.

Indeed, the first estimate is immediate from the definition of Y*. The first identity follows
by the change-of-time formula for Lebesgue-Stieltjes integrals: just observe that Koo = 0 by
Assumption 2.2 and that OA is constant on those intervals contained in [0, ko] which & jumps
across because A is linear on _such intervals. The second identity follows from the absolute
continuity of A and because Ao = Ay = 0, again by Assumption 2.2. The second estimate
holds because A > A by definition of concave envelopes, and for the last identity we note that
Tz, =tif Ky > 0and Ky = )\t = 0 otherwise. Finally, we observe that dY; > (0 can only happen
when y(‘),/A\~ has increased above 79, which ensures equality in the first of the above estimates.
Equality in the second holds for such ¢ as well because if 8Ag increases at time t, OA must
decrease at kg, and so A coincides with its concave envelope A at this point. [ |

We are now in a position to wrap up and give the following proof. R

Pmof of Corollary 3.7. Let Y} = 8Agt and Yo_ £ 0, and define VY £ (yY;) V1o, t > 0,
Yy £ .

As a first step we check that

(5.7) dY;, > 0 only at times to > 0 when X, = Ay,

In fact, we will show that d)\to < 0 for such to. If Ayyk < 0, this is obvious. So let us suppose
that K¢+ = K., and assume that there is ¢; > ¢¢ such that A = )‘to for t € [tg,t1]. In that
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case, INX is constant on the interval (i, , ki, ]. Because dYtO > 0, the density OA must decrease
at ko = Figtr = Kty, and so the envelope A coincides with A at this point. Concavity and
monotonicity of A then imply, however, that OA = 0 around ko, which is a contradiction to
its decrease there. R N R

Let us next prove that |0Ag|r2 < oo if and only if A is dY-integrable. To see this we argue
that with afxgof £ (0 we have

/ A dYV; = / s, d(0Rs,) = / Rs, d(9hz,)
[0,00) [0,00) [0,00)
Fo Ro
_ / OROR, dl = / (OA)2 dl
0 0

Indeed, the first identity is just (5. 72 and the definition of ¥ and A. The second identity holds
because A = A at points where JA Changes the third identity follows from an application
of Fubini’s theorem after writing A,ﬂ = Jo 81\1 dl, and the last equality holds since OA is
left-continuous and constant over intervals that k jumps across.

So if ]E?JAX]LQ < oo, then X} £ f[O,t] AdYY, t > 0, is real-valued, right-continuous, and
increasing in t. Moreover, XY, is increasing in y > 0 with X2 = 0 and X% > X — oo as
y 1 oo. In fact, X%, = yf )\d? fory > 770/170 (where 0/0 £ co) and, for y € [n0/Yeo, m0/Y0],
X% = yfT ) )\dY f )\dY where 7, £ inf{t >0 : y > no/Y:}. Hence, X% is in fact

continuous and strictly 1ncreasmg from 0 to co iny > 1o/ Yoo, and we thus obtain existence
and uniqueness of y* > 0 with Xé’; = z. Hence, we can conclude that X* £ X¥" is contained
in 2 (and that thus the corresponding Y* = Y¥" of (3.3) is contained in %) once we have
established that K (Y*) < co. For this it suffices to observe that K(Y*) < (y*)2K(Y) and
that by the same arguments as in our previous calculation of f[o,oo) AdY we have

~ ~ N Fo
KY)=K({Y)= %/[0 )%td<(aAgt)2) = %/0 (OM))? dl < 0.

We next show that X* and Y™* are optimal, respectively, for problem (2.3) and prob-
lems (3.4) and (3.5). In fact, due to Theorem 3.6, Y* = (y *ON; %) V mo satisfies the first-order
condition (3.6) and, by Proposition 3.5, is thus optimal for the convexified problem (3.5) pro-
vided that Y* is also contained in 2. To see that even f[o, AdY* = z and to deduce the
optimality of Y* also for problem (3.4) (and thus, by Propositlon 3.2, the optimality of X for
the original problem (2.3)) it suffices by Theorem 3.4 to check {dY™* > 0} C {A = A}, which,
in fact, is immediate from (5.7).

The formula for the minimal costs when 7y = 0 is an immediate consequence of our above
computations for Y. It thus remains to show that our optimization problems do not have a
solution if ]E?JAX]LQ = 00. To see this note that in this case there is, for any sufficiently large
0<S < T < oo, aschedule X7 € 2 which is optimal for §%7 £ 01;5 1) instead of § when
no = 0. This follows from our earlier results once we note that the corresponding concave
envelope AST always has a bounded density because T' < 0o, and thus a solution to this finite
time horizon problem exists provided its market depth does not vanish identically. This latter
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condition clearly holds for 67 when T is chosen sufficiently large, for otherwise § = 0 after

some time S, which would rule out the presumed explosion of OA at 0. Note that we can
furthermore choose S, T 1 oo such that_ Az coincides with Az at these points. This ensures
that A = A>T on [Fr, Kg] and hence [OAST(2, — [ (0Agnzg)? dk = 0o as T 1 oo,

Now because

CesTy = [ M axFT 4 o0(xST) < 4 0O(xST),
[0,00) Pt pPs

where C%(X) denotes the cost of any X € 2~ when 79 = 0, we obtain

2
mfo<™t T

where we used our formula for the optimal costs C?(X®7). Because of our special choice
of S, T, the second term vanishes for any fixed S as T' T oo. The first term vanishes for
S 1 oo because p has to be unbounded for dAy to increase to oo as k | 0. Indeed, dAoy =

SUpPg~o Ak/k = supg~q pr, - [ ]
Finally, let us show how Theorem 3.1 follows from Corollary 3.7.

Proof of Theorem 3.1. In view of Corollary 3.7 it suffices to show that supy<;<, Ly = &/AX;%S,
s > 0. Now, from the properties of concave envelopes and because of the left-continuity of A
we have for any 0 < k < kg that

81A\k = sup inf M .
1€[k,7o] ME[OL) T — l

With the changes of variables k = K, | = K¢, m = K, the preceding ratio turns into the one
occurring in (3.1), accomplishing our proof. |
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